DEFORMATION-OBSTRUCTION THEORY FOR COMPLEXES VIA 
ATIYAH AND KODAIRA-SPENCER CLASSES 



DANIEL HUYBRECHTS AND RICHARD THOMAS 

Abstract. We give a universal approach to the deformation-obstruction theory of objects 
of the derived category of coherent sheaves over a smooth projective family. We recover and 
generalise the obstruction class of Lowen and Lieblich, and prove that it is a product of Atiyah 
and Kodaira-Spencer classes. This allows us to obtain deformation-invariant virtual cycles on 
moduli spaces of objects of the derived category on threefolds. 



1. Introduction 

The deformation theory of objects of the derived category of coherent sheaves on a smooth 
projective family has been studied in [121 US]- These papers produce a class which is the 
obstruction to deforming a complex sideways over an infinitesimal deformation. The theory is 
not in its final form, however. The obstruction class is expected to be a product of Atiyah and 
Kodaira-Spencer classes, but this has only been proved in some situations (such as [5]). As a 
consequence the results are not strong enough to obtain virtual cycles [2j[TT], as discussed in 
[TSl Sect. 2], for instance. 

This paper generalises [121 [E] by working universally, using Fourier-Mukai kernels as in 
[51 E]. We put the discussion of [H App. C], which deals with deformations over Spec(A;[t]/t"), 
in a more general context. This allows us to identify the obstruction class of [HI [13] with the 
product of certain Atiyah and Kodaira-Spencer classes. We are then able to obtain virtual 
cycles on moduli spaces of simple complexes on threefolds, completing the foundational work 
required in [lU Sect. 2]. 

While the classical Atiyah and Kodaira-Spencer classes were enough for the case treated in 
[5], Illusie's versions of these classes, defined in |7j using the cotangent complex, are necessary 
to go beyond the simplest cases. This was done for complexes of modules in [7] and for a single 
sheaf in [3]. However, as with the theory of virtual cycles [2 [TT], only a small part of the 
cotangent complex affects the computations. For this reason we work with truncated versions 
of the cotangent complex, Atiyah class and Kodaira-Spencer class. These can be written down 
simply and explicitly, without reference to Illusie's versions, after picking an embedding into 
a smooth ambient space. This keeps our presentation elementary, avoiding dg and simplicial 
resolutions. 

More specifically, suppose there exists an embedding of a noetherian separated scheme X in 
a smooth ambient space A with ideal sheaf J C Oa- In fact, throughout we will work in the 
relative context. So, our schemes will be locally of finite type over a separated noetherian base 
scheme B, which we will usually suppress in the notation. In particular, the smoothness of A 
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means smooth over B and ^Ia denotes the relative cotangent sheaf ^a/b of A over B, which 
is locally free if A is smooth over B. For most situations such an embedding indeed exists, 
although in |5| the ambient space A is only a formal scheme, which is good enough and does 
not affect any of our arguments. 

The truncation t-~^L^ of Illusie's cotangent complex is quasi-isomorphic to the complex 

hx := (J/j' ^aIx) 

concentrated in degrees —1 and (see Section [2]). Then for any perfect complex on X we 
introduce the truncated Atiyah class 

The class A{E) lifts the classical Atiyah class in Extx{E, E Ox) via the obvious map 
hx — ^^x- Moreover, it can be shown that A{E) is the truncation of Illusie's Atiyah class 
in Ext^(£', (g) L*^), though we will not need this. 

Suppose that i : Xq ^ — ^ X is a square zero thickening of schemes, i.e. i is a closed embedding 
defined by an ideal sheaf / on X with P = 0. We inherit an embedding Xq C A from X C A^ 
yielding a truncated cotangent complex L^o- Then one can also define a truncated Kodaira- 
Spencer class 

k(Xo/X) GExt3,„(Lxo,/) 

of the embedding Xq C X. Given a perfect complex Eq over Xq, there is, as above, a truncated 
Atiyah class A{Eq) G Extxg{EQ, Eq^I^Xq). The main result of this paper is that the product of 
these classes is the obstruction to deforming the complex Eq over X. All schemes are considered 
over a fixed separated noetherian base scheme B. 

Theorem Let Eq be a perfect complex on a separated noetherian scheme Xq and let i : Xq ^ — X 
be a closed embedding defined by an ideal I of square zero. Assume that X can be embedded into 
a smooth (over B) ambient space A. Then there exists a perfect complex E on X such that the 
derived pull-back i*E is quasi-isomorphic to Eq if and only if 

= {idEo^K{Xo/X))oA{EQ) G Ext^Q(So,^o®/). 

The existence of the obstruction class is already proved in [121 [13] (in the slightly less general 
product situation of Xq = X Xspec(yi) Spec(Ao), all over some base B). But the explicit 
expression as the product of the truncated Atiyah class of £"0 and the truncated Kodaira- 
Spencer class of the thickening Xq C X is crucial for some applications [5l [TS]. 

Although there is also a version of the theorem phrased in terms of the full cotangent complex 
L'x and Illusie's corresponding Atiyah and Kodaira-Spencer classes, only the degree —1 and 
parts of contribute to the obstruction because the lower degree terms yield classes in Ext-^. 

In this paper we emphasize the view that all classes (Atiyah, Kodaira-Spencer, obstruction) 
are most naturally defined universally. Suppose we have a class a{E) G ExtxiE ^ Fi,E ® 
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F2) which is natural in E for fixed complexes Fi and F2 on X. Thinking of it as a natural 
transformation of functors 

( ■ ) 0^1 ^ ( • )(^F2[k] 

then by the philosophy of Fourier-Mukai transforms one expects it to be represented by a 
morphism of complexes 

a- iAx*(.Pi) ^ iAx*{P2)[k] on X X X. 

That is a{E) should be obtained by tensoring a with irlE and then taking the direct image tt2*. 
(Here tTj is projection onto the ith factor of X x X and za^ is the diagonal inclusion.) 

So in this paper we define universal truncated Atiyah and Kodaira-Spencer classes, and their 
product defines a universal obstruction class 

tn: Oax, iAxA^m. 

Applying this to any complex £"0 yields the obstruction class w{Eq) described by the main 
theorem. This avoids the ad-hoc constructions of Lieblich. Note that universal Atiyah classes 
were studied via the full cotangent complex in but for the truncated version our approach 
is much more elementary. 

A topic of current interest [H [lOj [lH [El \1T\ is defining invariants of threefolds X (and 
particularly Calabi-Yau threefolds) using virtual cycles on moduli spaces of objects of D^{X) 
satisfying some natural conditions (such as stability or simplicity). This paper fills the gap 
mentioned in [15], Sect. 2] to give such virtual cycles. 

Notation. All schemes will be defined over a fixed base which we shall barely mention. 
Properties (such as smooth) will mean relative to B. Products will be fibre products over B. 
Our schemes will be separated and noetherian. 

In the sheaf-theoretic computations of Section [2] most of our functors are the usual ones; in 
Sections [3] and [4] they are all derived. Thus, for instance, Hom denotes the (quasi-isomorphism 
class of) the complex RHom, with cohomologies 'H*(Hom) = Ext*. 

We use Iycz to denote the ideal sheaf of a subscheme Y of another scheme Z, with a few 
exceptions. We reserve I to denote the square zero ideal of i: Xq C X, and J denotes the 
ideal of an ambient embedding of X in some smooth A. The ideal of the induced embedding 
Xq C ^ is denoted by Jq. And for any separated scheme Y, we use Ia^ to denote the ideal of 
the diagonal Ay, the image of the diagonal embedding iAy ■ ^ — ^ ^• 

We sometimes suppress pushforwards by embeddings, to keep the notation to a minimum. 
Thus might denote «Ay*Cy- 
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Stellari for valuable comments on a first version of this paper, and Barbara Fantechi, Ian 
Grojnowksi and Yinan Song for useful remarks. Financial support for the first author by 
Imperial College, EPSRC and SFB/TR45 of the DFG are gratefully acknowledged. The second 
author thanks the Royal Society and Leverhulme Trust for support. 
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2. Truncated Atiyah and Kodaira-Spencer classes 

2.1. The truncated cotangent complex. Fix a closed embedding X C ^ of a i?-scheme X 
into a smooth i^-scheme A and let J C Oa be its ideal sheaf. 

The composition of the differential dA'- J C Oa — with the projection Q.a — ^^^aIx is an 
O^-module homomorphisrcQ. It factors through J/ to become an Ox-linear homomorphism 

dx/A- J I J"^ ^ ^a\x 

with cokernel Vlx- 

Definition 2.1. The truncated cotangent comple. of X (in A) is the length-two complex! 
concentrated in degrees —1 and 0. By construction, hx comes with a natural homomorphism 

hx^n^ii^x)~^x. 

As the notation suggests, the complex Lx is independent (up to quasi-isomorphism) of the 
embedding X C A. This is proved by showing that hx is quasi-isomorphic to the truncation 
T-~^{L^) of Illusie's cotangent complex, or directly as follows. Suppose that X embeds into 
two smooth schemes Ai, A2 with ideals Ji, J2, giving the diagonal embedding in Ai x A2 with 
ideal J12. Then the short exact sequence of 2-term complexes 

(2.1) {Ji/Jf ^^aAx) 

1 I 

{Ju/Ju \x © ^A2 \x) 

1 I 

induced by the composition X C Ai x A2 — ^^1, shows that hx defined via Ai is quasi- 
isomorphic to hx defined via Ai x A2. 

2.2. The truncated Atiyah class. The following simple Lemma is really the key to this 
paper. It does not require the assumption that A is smooth. 

Lemma 2.2. For any X C A with ideal sheaf J C Oa, the kernel of the natural surjection 
Iaa\xxX — ^IAx ^•^^ isomorphic to 

Tor^''^{OAx,Oxxx) ^ iAx*{J/J^)- 



^We are suppressing the base B in ^1a/b, (Ia/b, etc. 

^More precisely this is L^/s, but we shall not mention the base B again. 
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Proof. We first claim that the restriction of the sheaf /a^ to X x A is isomorphic to IaxcXxA- 

OaxA ^ OxxA — 



Tensoring the exact sequence 

^ JMOa 







by Oaa gives the exact sequence 



Since the leftmost arrow is an injection, Tor^^"^{OxxAiOAA) = 0- Therefore restricting 
— ^Iaa^(^AxA^Oaa 
(2.2) 



0. 



■0 to X X A is exact: 



Iaa \xxA 



Ox 



xA 



Oa, 



0. 



Thus indeed Iaa\xxA ^ IaxcXxA- 

Restricting (|2.2|) to X x X yields the exact sequence 



(2.3) 







IAa\xxX 



Ox 



xX 



.XxA, 



0, 



where K, is the kernel we want to compute. Therefore /C ~ Tor^ ^ {0^^,Oxxx)- Computing 
this by tensoring the exact sequence 



(2.4) 

with Oaj^ gives 
(2.5) 







Ox^J *- Ox 



xA 



Ox 



xX 







/C ~ Torf ^^(Oa^,Oxxx) ^ {Ox ^ J) ® O^^ ~ iAx*{J/J'' 



□ 



Thus we have a quasi-isomorphism Oa^ ~ {iAx*{-^ / J"^) — ^-^AaI^xX — ^Oxxx\ with the 
complex in degrees —2,-1 and 0. 

Definition 2.3. The truncated universal Atiyah class 

ax € Ext\^x{OAx,iAx*{'^x)) 
is given by the map of complexes 

(2.6) Oax - (iAx*iJ/J^) ^IaaIxxX ^OxxX 



iAx*^xm 



{iAx*iJ/J') -(IAa/IIa) 



XxX ; ' 



where the second vertical arrow is the obvious projection. For this to make sense we must first 
check that the diagram (12.61) commutes. Define ip: Iaa\xxA — ^OxxX by 







IAa \xxA 



Ox 



xA 



Oa, 







^ iAx*iJ/J^) ^ Iaa\ XxX ^ OxxX ^ Oax ^ 0. 
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In the bottom row we are suppressing the pushforward map from X x X to X x A. The kernel 
of If is (IaxcXxa) n {Ox MJ)=Ox^J, which yields 



IAa\xxA 



IAa \xxX- 



Since the inclusion of Ox ^ J inside IaaIxxA C OxxA is part of the exact sequence (12. 4|) . 
the description (|2.5p of iAx*{'J / J"^) {Ox Kl J) Oax shows that is the natural projection 
Ox K J ^iAx*{'^x ^ J)\ax ~ iAx*iJ/J^)- So it suffices to show that 



Ox^J ^IaJxxA 

tAx*{J/J ) ^ ^I^a/IaJ\xxX 

commutes. Given f ^ dx/A{f) is the image ofl®/ — / (8)1 in {IaaI ^'aa^\xxX- 
(/ ® l)|xxyl = 0, so this is the image ofl(g)/GC>xKlJc Iaa\xxA in (-fAA/^i^)lxxX- 

Using methods like those of Section 12.11 one can also show that the truncated Atiyah class is 
independent of the embedding X C A. 

Composing (12. 6p with the direct image of the natural map L,x — ^Ti.^{lLx) gives 

(^Iax ^ OxxX^ 

(Here we have used the isomorphism {lAA\xxx)/iAx*{J/J'^) — ^Ax of Lemma [221) Dividing 
the upper row by the acyclic complex I^^ — ^-^Ax class in Ext^xx(^Ax ) ^Ax*^x) 

of the extension 

(2.7) iAx*^x Oxxx/Iax (^^x 0- 

Therefore ax projects to the classical universal Atiyah class. 

Remark 2.4. Another way of phrasing the construction is as follows. The natural map 

(2.8) Iax iAx*^x 

(given by the projection Iax — ^-^AxZ-^A^) ^ natural lift 

(2.9) Iax ^ iAx*^x 
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given by the map of complexes 

II i 

Consider the boundary map of exact sequence — ^Iax — ^C>XxX — ^(^Ax — 

OAx ^A^[l]- 

The classical Atiyah class is its composition with (|2.8p . while the truncated Atiyah class is its 



composition with (12.91) . 

Remark 2.5. After pushing forward ax by the inclusion t: X x X — ^ X x ^, we claim that 
it can be described by the obvious diagram 

(2.10) J/j2 J/j2 

I t 

^ ^a\x (^Xxa/IaxCXxA ^Ax 

I t II 

O^nx Oxxx/Il^ Oax 0. 

I I 



Here we have suppressed some pushforward maps for appearance's sake. The middle row is 
the restriction to X x >1 of — ^Ia^/^Aa — ^^Axa/ I^a — ^^^a — using the vanishing of 
Tor^^^{OxxA, ^Aa) (^s shown in the proof of Lemma [2?2]l . 

The bottom row is (the pushforward of) the extension (|2.7I) defining the classical Atiyah class. 
We view the top two rows as a horizontal short exact sequence of two-term vertical complexes, 
giving an extension class in Ext^^ xaC^Ajc , i'*iAx*{^x)) projecting to the classical Atiyah class. 
Write this extension class as 

(2.11) {t'*iAx*^A\x Oxxa/Ia^CXxa) - ^Ax 

i*iAx*Lx[l] — {t'*iAx*J/ J'^ ^ '^*'^Ax*^a\x) ■ 
This is quasi-isomorphic to 

{IAxCXxA — ^Oxxa) ^ Oax 

I 

i*iAx*^x[M — {l'*iAx*J/J'^ ^ ''*'^Ax*^a\x) , 



as can be seen by dividing the two sheaves on the top row by 7^ cXxA- Using (|2.2p . the vertical 
arrow is the projection Iaa\xxA^ (Iaa/ ^AA^flxxA- 
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Since any sheaf F on X x A has a natural map to F ^ i^*OxxX = i-*{F\xxx), this maps 
term by term and quasi-isomorphically to the map of complexes 

II I 

iJAx*^x[M ~ {lJ/^^^J/J"^ ^ lJax*^a\x) ■ 

But this is precisely the pushforward of our original definition (|2.6p of ax ■ 

Definition 2.6. Thinking of (|2.6p as a map of Fourier-Mukai kernels, we apply it to a perfect 
complex £^ on X to yield the truncated Atiyah class of E, 

(2.12) A{E) := ax{E) G Ext^(S, E®hx), 
mapping under Lx — ^^x to the classical Atiyah class in Extx{E, E ^x)- 

2.3. Square zero extensions and Kodaira Spencer classes. Now fix i : Xq ^ — ^ X, a closed 
embedding defined by an ideal sheaf / of square zero: = 0. This allows us to consider / to 
be an -module. From X C ^ we inherit a closed embedding Xq C A with ideal Jq. 

By Lemma [221 applied to both {Xq C A, Jq) and (Xq C X,I) in place of {X C A, J) we get 
the two horizontal short exact sequences 

(2.13) ^ iAxo*iJo/Ji) ^ Iaa \xoxXo ^ ^Axo ^ 



^ «Axo* W *- IAxIxoxXo *- ^^xo . 

The first vertical arrow is induced by the other two. The top left hand corner, composed with 
the surjection Iaa\xoxXo^{Iaa/Iaa')\xoxXo' S^^^^ 

(2.14) iAxAJoZ-^o) Ua^AaJIxoxXo 

1 

Since all three sheaves are supported on Axo, the maps are pushforwards from Axq; i e. the 
above is iax^* of a unique diagram 

(2.15) Jo/j2 ^^aIxo 

i 

and the upper row defines the truncated cotangent complex of Xq. 

Definition 2.7. The truncated Kodaira-Spencer class of the square zero extension i : Xq ^ — *- X 
is the extension class 

k(Xo/X) eExt^„(Lxo,/) 

defined by (I2T5I1 . 
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The map of complexes (I2.15P factors through the map of complexes 
(2.16) / ^nx\xo 

1 

When / — ^^x\xo is an injection (i.e. when it is quasi-isomorphic as a complex to ^Xo)j (I2.16P 
is the classical Kodaira-Spencer class in Extx^{Qxoj I) and the truncated class is its pullback 
via the map Lxq — ^ ■ 



2.4. Product of the two classes. It follows that the product of the universal truncated Atiyah 
class (12. 6p of Xq and the pushforward by lAxg* of the universal truncated Kodaira-Spencer class 
of C X, which is (|2.14l) . can be represented by the morphism of complexes 

(2.17) (iAxo*(Jo/ Jq) ^ IAaIxoxXo ^ OxoxXo^ 



^Axo*(^)- 

Consider (I2.13P to be a (vertical) quasi-isomorphism between two 2-term (horizontal) complexes 
that are themselves quasi-isomorphic to I^xq- By construction the above vertical map factors 
through this quasi-isomorphism. Therefore (I2.17P can be written 

(2.18) {iAxo*i^) ^ ^AxUoxXo ^ OxoxX,,) 

1 

«Ajfo*(/) , 

with vertical arrow the identity. That is, iAxo*('^(^o/-'^)) ° olxo G Ext^^^j^j^^j (Oaxq i ^Axq*(-^)) 
is the extension class of the exact sequence 

(2.19) ^ i/lxo*{I) ^ -^AxIxoxXo ^ C'xoxXo ^ C'Axq ^ 0- 

2.5. The universal obstruction class. Let /i = id x i denote the natural closed embedding 
Xq X Xq ^ — ^ XqY. X and define 

H := h*h^,OAxg 5 

where here h* is the derived pull-back. Then H is a complex concentrated in degree < 0. Now 

ror^o^^(OAx^,OxoxXo) ^ Oax,, and Torf" (Oa^^ , O^oxXo) ^ iAx,*i^) by Lemma [2j 
applied to (Xq C X,I). Therefore 

(2.20) n\H) ~ Oax, and n-\H) ~ iAx,*{I)- 

This leads to the following definition (whose name will be justified in Section [3]). 
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Definition 2.8. The universal obstruction class 

w{Xo/X) G Ex4„,^^(OA;,„,iA^^,(/)) 
of C X is the extension class of the exact triangle 

(2.21) n~\H)[l] ^ t^'HH) ^ n^{H). 

Theorem 2.9. w{Xq/X) equals the product iAxo*('^(^o/-'^)) ° «Xo- 
Proof. Consider the exact sequence 

(2.22) *- IaxqCXoxX *- Oxoxx ^ ^*C'ax(, 

as a resolution of /i*OAxo ' ^^^^^ ^XoxX is flat, the result of applying the underived functor h* 
to the resolution is t-~^{H). So we restrict to Xq x Xq, giving 

(2.23) ^ Torf "^^(Oa^^, Oxoxxo) ^ ^AxUoxXo ^ OxoxXo O^^^ 0, 

by Lemma [221 The two terms in the middle represent the complex t-~^{H), and the exact 
sequence represents the triangle (I2.2ip . 

But (|2.23|1 is precisely the exact sequence (|2.19|) : both are by construction the exact sequence 
(lOll of Lemma [221 appHed to (Xq C X, I) in place of {X C A,J). □ 

Remark 2.10. i) Recall that when I injects into Qx\xo, the class k{Xq/X) is the pullback of 
the classical Kodaira-Spencer class (|2.16ll . In this case one can show that the above product is 
just the product of the classical Atiyah and Kodaira-Spencer classes. 

This is the case, for instance, when X is flat over Spec(A:[t]/i""'"^) and Xq is its base-change 
to Spec(fc[t]/t"): the situation studied in [5]. This explains why it was not necessary to work 
with (truncated) cotangent complexes in that paper. 

ii) In [5] the base scheme is simply Spec(C) and Xq is deformed into a non-algebraic direction. 
In particular the situation studied there is one of the rare examples where X cannot be embedded 
into a smooth ambient scheme A over Spec(C). However, an embedding into a smooth formal 
scheme can still be found. Indeed, in [5] X is the nth order neighbourhood of a smooth 
holomorphic family over a one-dimensional disk and we can let A be the formal neighbourhood 
of the special fibre inside this holomorphic family. The arguments in this section work equally 
well in this setting. 

3. Obstructions 

3.1. Deformations and extension classes. By (|2.20|1 we have the following natural exact 
triangles on Xq: 

(3.1) T--^H ^ H ^ Oax,,, and 

(3.2) T^-^H T^-^H iA^ ./[I]. 
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H[l] from 



The universal obstruction class of Definition 12.81 is the composition of Oaxq — ^ 
the first triangle (|3.ip and t-^^H[1\ — ^i/^^^^^,I[2] from the second (|3.2p : 

(3.3) w{Xo/X):Oa^^ i^x.^m- 

Thinking of these as Fourier-Mukai kernels, act them on a fixed perfect complex Eq on Xq. 
The result is the exact triangles 



(3.4) 
(3.5) 



Qeo 



Eq, and 



The triangle (13.41) is adjunction i*i^EQ — ^£"0, whose kernel we denote Qeq- By (13. 3p . the 
composition of Eq — ^QeqII] from the first triangle (13.41) and vr^^ : Q_Bo[1] — *--E'o '?5-^[2] from the 
second (|3.5p gives the obstruction class of Eq, 

Eq®I[2]. 



(3.6) w{Xq/X){Eq): Eq - 

In this section we justify this terminology. 

By a deformation of Eq over X we mean a perfect complex E oti X whose derived restriction 
i*E is isomorphic to £"0. Such a deformation sits in an obvious exact triangle 



(3.7) 



u{Eq®I) 



itEQ 



u{Eq®I)[1], 



defining, and defined by, an extension class e G Ext^(i^.£'o, i*(-Eo ^ I))- Applying the derived 
functor i* gives the horizontal triangle in the diagram 

Qeo 



i*i*iEo Ol) 



i*E- 



(3. 



i*i*E^ 



En 




Eq<S)I[1]. 



The two lower vertical arrows are adjunction. Therefore the central vertical triangle is (13. 4p . 
and the map e G Eyitx^{i*i^,EQ, Eq® I) ~ Ex.t\{i^,EQ,i^{EQ®I)) is what corresponds to e under 
adjunction. 

Since the map denoted r (the restriction map) is an isomorphism, $e is too. Conversely, 
given any extension e: I^Eq — ^i^{EQ (g) /)[!], the map r is an isomorphism if <i>e is. Therefore 

Lemma 3.1. Deformations E of Eq are equivalent to extensions e G Ext^(i*£'o, z*(£'o 'S> I)) 
for which (13. 8p is an isomorphism. □ 



Lemma 3.2. // e describes a deformation E of Eq then the map ^'e of (13.81) is 

T^Eo ■■ Qeo ^ Eq ® /[I] 

defined in (|3.5p . 
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Proof. We begin by stating two results whose verification is left to the reader. 

(i) Fix a morphism / : Z — and complexes of sheaves J^, 7i on Z and Q on Y. There are 
the following compatibilities between the adjunction /*/* — ^id and the projection formula. 

adi (gi id , , /«(adj Cg) id) 

f*hT f*g — ^ ro Mf*f*^ ^ — ^ f*i^ » 



adj 



o 



/,(id iX) adj) 



(ii) Suppose is a Fourier-Mukai kernel on Xq x Xq for a functor going from the second 
factor to the firslH and Q = h^T is its direct image under h : Xq x Xq ^ — ^ Xq x X viewed as 
Fourier-Mukai kernel for a functor $g going from X to Xq. Then $g ~ o i* . 

Start with the trivial case Eq = Oxq with canonical deformation E = Ox- Then it is easy 
to see that Qox^ — and both maps ^'e and vr^^ are the adjunction 

(3.9) /[I], 

i.e. the map given by taking Ti^^. 

For general Eq, we tensor the diagram (13. 8p for the deformation Ox of Oxq by Eq, and use 
E to pass through i^s and i*s; for instance 

EQ0i*iJ ^ i*{E®iJ) ~ i*u{EQ®I). 

Using (i) we find the adjunction maps also survive tensoring with Eq, so the result is the diagram 
(|3.8p for the deformation of £"0 . 

So we are left with showing that vr^^ in (|3.5p is Eq tensored with (13. 9|) when Eq = i*E. Using 
E to commute £"0 past again, we find it is sufficient to show that vr^^ is the adjunction 
i*u{EQ®I)[l]^EQ®I[l\ when Eq = i*E. 

We do this at the level of Fourier-Mukai transforms. Recall that the Fourier-Mukai kernel 
for is H = h*h»0^-^^, so by (ii) the composition has kernel h^,h* h^O /\-^^ on Xq x X. 

The second diagram in (i) yields the commutativity of 



/i*/i*/i*C'a 



^0 



/l*((/i*/i*C'XoxXo 

1 



Xq. 



with the vertical arrows the natural adjunctions, which coincide as maps to h^O^xg ^ they are 
both the Ti^-matp. Taking kernels of the vertical maps gives h^{T-~^H) on the left hand side. 



^In this proof only, for notational reasons we write the kernels for Fourier-Mukai functors from A to be i? 
as objects on B x ^; the reverse of our usual convention. Therefore, for instance, h,OAx„ the kernel for the 
functor i* (not i*, as it would be with the other convention). 
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On the right hand side resolving h^OxoxXo by h^{Oxa ^ I) — ^C'xqxX shows that the kernel 
is isomorphic to 

K {h* K {Ox, K /[I] ) Oaxo ) = ^* ^* (i *(/)[!]). 

Therefore h<t:{T-~^H) ~ h^h*h^{iAxQ*{I)m)- Applied to any perfect complex E on X this gives 
the isomorphism Qeq — i*i*{Eo ^ where Eq = i*E. 
Now take the TY^^-map 

Apphed to E this induces the adjunction i*i^,{E(j (g) I)[l] — ^Eq® where Eq = i*E. But by 
construction it is the pushforward by of the second arrow of (|3.2I) , and so applied to E it 
gives TT^^ by its definition (|3.5|) . □ 

This section is devoted to proving the converse. Together with Lemma 13.21 this proves 

Theorem 3.3. Deformations E of Eq are equivalent to extensions e € Ext^(i*£^0) ^*(-E'0 ^ I)) 
for which = tt^q ■ 

This implies the main Theorem of the Introduction: 

Corollary 3.4. There is a deformation E of Eq if and only if 

= {idE,^K{Xo/X))oA{EQ) G Ext^„(^o,^o®/), 

in which case the deformations form a torsor over Fjxtxg{EQ, Eq g I). 

Proof. Apply Homx„( • ,Eo ^ IlM) to the exact triangle Qeq — ^i*i*EQ — ^Eq: 
(3.10) 

Ext^(i*£^o,«*(-Eo ® /)) 

Ext]^^{Eo,EQgI) ^Ext\^{i*i,EQ,EQ(^I) ^Ext\^^{QEo,EQ(^I) ^Ext\^{EQ,EQ0l). 

Comparing to (13. 8|) . the second arrow takes an extension e to the map ^'g. So Theorem 13.31 says 
that e corresponds to a deformation E of £"0 if and only if = t^Eq- 

The last arrow in (I3.10p maps tt^^^ to its composition with Eq — ^(5£;o[l], which by (13. 6|) is our 
obstruction class w{Eq). By Theorem 12.91 applied to Eq this is the product (idgQ ® k{Xq/X)) o 
A{Eq). Therefore the first assertion of the Corollary follows from the exact sequence (|3.1Q|) . For 
the second part, observe that if a deformation E exists then the adjunction i*i^:EQ — ^Eq is split 
(by the inverse of the map r in (|3.8p ) and hence Ext^^(So; Eq (g) /) — >-Extx^{i*i^,EQ, Eq (g) /) is 
injective. □ 

By Lemmas 13.11 and 13.21 Theorem 13.31 is equivalent to the following assertion. For a given 

e G Extl^{i^EQ,i^{EQ (g) I)), 

<I>e is an isomorphism if and only if \I'e is the morphism vr^ : Qeq — ^Eq /[I]. 
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Proving the 'if part of this directly would give the most satisfactory treatment of the obstruction 
theory via the methods of this paper. This seems to be extremely difficult, though we are not 
entirely sure why. 

3.2. Proof in the afRne case. Instead we mimic Lieblich, passing to the local case first. So 
we prove Theorem 13.31 for Xq C X both affine as schemes (and not just as schemes over B), 
where we may assume that £"0 is a bounded complex E' of free modules. Where possible we 
use similar notation to Lieblich in our slightly different setting. 

So we fix an extension e with ^'e = t^Eq- observed in the proof of Corollary 13.41 that the 
image of tt^^ in the exact sequence (I3.10p is ^(£"0), so tu{Eq) = by assumption. 

Thinking of the complex IaxqCXqxX — ^CxqxX as a Fourier-Mukai kernel, quasi-isomorphic 
to the kernel Oaxq of the pushforward i^, we apply it to E*. This gives a resolution 

(3.11) (k* ^ r') i,E^ 



which moreover is a quasi-isomorphism for each fixed index •. Here := T{Eq) ®o{B) and 
is the kernel of the evaluation map — ^z^^Eq. 
Pulling the Fourier-Mukai kernels back to Xq x Xq gives the exact sequence (|2.23|) with 
extension class w{Xq/X) in (13.3(1 . Applying this to E* shows that pulling (|3.11ll back to Xq 
gives the compatible long exact sequences 

(3.12) E' ® / K'lxo r'lxo E* 0, 

with extension class the obstruction class w{Eq) G ExtxgiEo, Eq ^I). (We use • |xo to denote 
the the imderived functor i* .) 

Pick a free deformation E^ of each (free) E^ to X. Since is free, we can split it as A^-^ ® E^ 
so that the map — ^i^E^ of (|3.11ll is projection to the second factor of © E^ followed by 
restriction to Xq. Being in the kernel of this map, lifts naturally to in (|3.1ip . The result 
is the following non-canonical splitting of (|3.11|) . incompatible with the differential. 

(3.13) ^ © u{Ei ® /) ^ © E^ ^ uEi ^ 0. 

Restricting to Xq splits (|3.12l) as 

(3.14) Ei^I N^xo e {Ei ® /) N^xo ® E^ E^ 

II II 

— £^+^ / — N^+^\xo e (£^+' ® /) — iv^'+^lxo e eI+^ eI+^ o 
II II 

— £^+2 / — N^+^\xo e (£^+' ® /) — N^^^lx, © Ei+^ eI+^ 0. 
With respect to this splitting the differential r-'' |xo — ^T'^^^lxo takes the form 
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Since N^~^^\xo lies naturally in K^~^^\xo, P defines a map from Eq to K^^^\xo- Composing 
with the differential to K^^'^\xo and projecting to E^ defines a map £'0 — ^£'0 ^/p] that 

represents the extension class tu{Eq) of (|3.12|) . 

We now describe this map on X using (|3.13p in place of (I3.14p on Xq. The differential on 
splits as 

(: I). 

where 7 factors through a map from E^ to K^~^^. (After restricting to K^~^^\xa this vanishes 
on E^ ® i^I and descends to the map (3: El^K^+^\xo above.) The splitting (13^5)1 defines 
dE on which need not square to zero, though it covers the genuine differential (Ieq- 

The inclusion K' ^ — ^ V commutes with the differentials dx^dr, so instead of applying dx 
as above we apply dr to 7. Applying the projection Pe to the component of T^'^'^ gives a 
map PE{dr^)- i*Ei — ^E^'^'^. This projects to zero in i^E^'^'^ , so has image in E^'^'^ ® i^J. By 
its construction it is applied to the map ■w{Eq) : E^ — ^-^'^^^ ® / described above. 

However, the differential on T' squares to zero, so applying this to E^ C gives, by (|3.15l) . 

dl + PEidr7) = 0. 

Thus our obstruction w{Eq) is precisely [— By assumption this is zero in 'Ey±\^{EQ^EQ (g) 
/[2]), so -d% = dEoh + hdEo for some homotopy h: E^^eI^^ ®I. Lift h to h: E^ ^E^^^ ®I 
and add to dE using the inclusion £"0^^ ^ / — ^ E^~^^ . The resulting has square zero and so 
defines a deformation {E',dE) of E', corresponding to an extension e' G Ext^(i*£'o5 ^*(£'o®-^))• 
Similarly any other differential on E* (covering dE^ on E*) differs from dE hy a map 
/: Ei^E^-^^ I satisfying dE, o f + f o dEo = 0. Therefore [/] G Ext^^(£o,£o ® /), 
with the resulting map from Eyi\}x^{EQ^EQ® I) to ErK.\}x{i^EQ,i^,{EQ® I)) being the first map in 
the exact sequence (|3.10p . This describes the fibre over vr^^ in (|3.10l) . so e — e' is in the image 
of some [/] G Ext^Q(£'o) Eq® I). Altering dE by / as above gives the deformation {E' , dE) of 
E* corresponding to e, as required. 

3.3. Proof in the general case. We can now prove Theorem 13.31 for any Xq C X. Suppose 
that w{Eq) = 0: i.e. the exact sequence of Fourier-Mukai kernels (I2.23P applied to Eq gives 
an exact triangle with zero extension class. Then we claim that the same is true on restriction 
to any afhne open subset U : the restriction of the exact triangle is the restriction of (I2.23P to 
U X U applied to £o|c/- (This is not true for general Fourier-Mukai kernels, but is true here 
since t-^^H is quasi-isomorphic to a complex supported, set-theoretically, on the diagonal, 
making it a local operator. Using this second complex as a kernel makes the result clear.) 

Therefore any e G Ex.tx{i^EQ,i^{EQ (S) I)) mapping to ir^^ in (|3.10ll defines an extension E 
which, on restriction to U, is a deformation of Eq by the previous Section I3.2[ Therefore it is 
a deformation of Eq on X itself, since the condition that the map r: i*E — ^Eq of (|3.8p be a 
quasi-isomorphism is local. 
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4. Virtual cycles 

4.1. Setup. In this Section we assume that B is defined over an algebraically closed field k 
whose characteristic does not divide the rank of the complexes considered below. 

Fix an n-dimensional smooth projective connected morphism X — and a line bundle 
C over X. Denote by Zf,: X^ — *- X the fibre of X over a closed point b £ B. Given a 
separated algebraic space M./B and a point closed point m £ M sat over 6, we denote by 
im '■ Xj, — >- X Xb M the inclusion of Xf, x {m}. 

Suppose that Ai/B is a relative fine moduli space of perfect simple complexes with fixed 
determinant C on X/B. By this we mean that there is a perfect complex 

(4.1) EeD\X xbM) 

(the universal comple^for the moduli space ) with det(E) ~ 7r^M(2)7r3(^£ for some M € Pic(7V4) 
such that M./B parameterises the complexes iJ^E (simple, of determinant i^C) on the fibres 
Xi, X {m} in the following sense: 

• the set of morphisms of i?-schemes /: S — ^Ai, and 

• the set of equivalence classes of perfect complexes E over X xb S whose restriction 
i*E to any fibre Xg, s G 5, is isomorphic to iJ^E for some m ^ M. and such that 
det(£;) ~ ttJMs ® -K^xC, for some Ms G Pic(S') 

are put in bijection by assigning to / the perfect complex (idx _b/)*E over XxbS. By definition, 
two complexes on X Xb S are equivalent if they differ by a twist with a line bundle coming 
from S. (This definition ensures that M. is locally complete, in the sense that any deformation 
of a complex in M. is also in A^.) 

As Lieblich rightly pointed out, it is most natural to work with Artin stacks at this point. 
In [12] it was shown under very general assumptions that complexes as objects in the derived 
category form an Artin stack which is locally of finite type. However, in the applications we have 
in mind, the moduli space is also known to exist in the above sense as a quasi-projective variety 
or an algebraic space. In order to keep the discussion simple (and due to our incompetence), 
we decided to keep to this setting. 

In the following we shall tacitly assume that rk(E) is a constant (not divisible by the character- 
istic of our base field k as mentioned above). Also, we will assume that the Euler characteristic 
x(im^'*m^) is independent of m G for instance by fixing the numerical invariants of the 
complexes we are interested in. Finally we will assume that M. admits an embedding into a 
smooth (over B) ambient space A, though in Section [4?5l below we describe how to remove this 
assumption. 

4.2. Relative obstruction theory. From now on we shall return to suppressing mention of 
the base B, but as usual all schemes, morphisms, cotangent complexes and canonical bundles 
will be relative to i3, products are fibre products over i3, etc. 



This can also be done with a twisted universal complex, though we do not need such generality for the 
application |15) we have in mind. 
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Let TTx and vr^ denote the projections from X x M. to X and A4 respectively. For simplicity 
we will also assume that rk(E) ^ for now; we deal with the rank zero case at the end of this 
Section. Then since the composition of id : OxxM — ^7iom{K,K) andtr: 'Hom{K,K) — ^OxxM 
is multiplication by rk(E) we get a splitting 

nom{E,E) ~ nom{E,E)o®OxxM- 

Assuming ^A admits a smooth embedding, we have defined the truncated Atiyah class (I2.12p 
of the universal complex E, 

^(E) EExt^xAi(E,E0LxxAi). 
Via hxxM — T^x^^ ® T^M^M this maps to a class in 

Extxy^j^{nom{E, E)o, tt*j^1Lm)- 
By Verdier duality along the projective morphism vr^vi this is isomorphic to 

Ext]^" (tt^, (Hom(E, E)o (g) cu^^ ) , ) , 
where Wjr^ = t^x^x the relative dualizing sheaf. We obtain a map 

(4.2) TTM*{'Hom{E,E)o^7r*xUJx)[n-l] ^ Em- 

The results of this paper have essentially proved the following. 

Theorem 4.1. In the notation o/ |2] (Definition 4-4 ^^'^ Section 7), the map (14. 2p is a relative 
obstruction theory for Ad. 

Proof. Fix a morphism of -B-schemes, 

/: So M, 

and an extension 5o C 5 with ideal I such that = 0. 
The composition of the pullback of (14. 2p . 

(4.3) rTiM*{nom{E,E\®7:*xoox)[n-l] f*EM 

with the natural map /*L_yn — ^Es^ followed by the relative truncated Kodaira-Spencer class 
of 5*0 C 5, 

Ac(5o/5) GExt^„(L5o,/), 

gives an element 

(4.4) o G Ext|;"(/V^,(?^om(E,E)o «)7r^wx),^)- 

By [2], Thm. 4.5] we must show that o vanishes if and only if there exists an extension from Sq 
to 5 of the map / of 5-schemes, and that when o = the set of extensions is a torsor under 
Ext^~"(/*7r>i*(?^om(E, E)o (8)7r^to'x)' -^)- ^^^^ El Thm. 4.5] only proves this in the absolute, 
not relative, case. The proof works just the same over a base.) 
Let 

/ = idx/:Xx5o ^ XxM 
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and let tt be the projection 

TT : X X Sq *- 5*0- 

Since vf is flat, the composition of (14. 3p with f*L,M — ^'^So is 

7rM*{nom{rE, fE)o ® vr^a;^)!^ " 1] ^So- 

By the functoriality of truncated Atiyah classes this is the relative truncated Atiyah class of 
/*E. Therefore its product with k{So/S), 

(4.5) o e Ext|7(t,(7^om(fE, fE)o ® u;^),I) ~ Ext^^5^,(fE, fE ^*/)o 

(the isomorphism being Verdier duality for tt) is precisely the trace-free part of our obstruction 
class w{f*E). 

That the trace of the obstruction class is the obstruction to deforming det(/*E) is classical. 
For instance, this is proved for locally free sheaves in [T6| Prop. 3.15], and then, using this, for 
complexes of locally free sheaves in [HI Thm. 3.23]. Since det(/*E) deforms as £, the trace of 
ro(£^o) vanishes. Similarly the choices of extension are governed by the trace-free part of Ext^ 
[El Thm. 3.23]. 

Thus by Corollary 13.41 o = if and only if there is deformations of the complex /*E from 
X X So to X X S , in which case the deformations with fixed determinant form a torsor under 
Ext^„(fE,/*E®r/)o. 

But deformations of the complex /*E from X x Sq to X x S are in one-to-one correspondence 
with extensions from 5*0 to 5 of the B-map f, by the definition of a relative fine moduli space 
(|4.ip . So we are done. □ 

4.3. Virtual cycles. To get a virtual cycle we must make this obstruction theory perfect^ or 
2-term. The simplest way to ensure this is to demand that each simple complex E = iJ^E in 
M. satisfies 

(4.6) Ext^,(£;,^)o = 0, i^l,2. 

The following is then a standard consequence of the Nakayama Lemma, but we give the argu- 
ment in full. 

Lemma 4.2. Under the conditions (14.61) . the complex 7r;K*(7Yo?Ti(E, E)o) on M. is quasi-iso- 
morphic to a 2-term complex of locally free sheaves {F^ — ^F^) in degrees 1 and 2. 

Proof. Resolve 'Hom(E,E)o — ^A' by a finite complex of locally free sheaves with vanishing 
R'T^M*{A^'') for i 7^ and all j. This can be achieved by picking a very negative locally free 
resolution of the derived dual, dualising this and then truncating at some i ^ 0. 

Thus for each j, t:m*{A^) is canonically quasi-isomorphic to some locally free sheaf FK The 
resulting complex F' is a representative of 7r;\/(*(7-^om(E, E)o). 

By base change, the restriction of F' over a closed point m ^ M. (over 6 G i?) is a complex 
of vector spaces computing Ext*(iJ^E, iJ^E)o. Therefore by (|4.6p . the restriction of F' to each 
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fibre X x {m} has cohomology only in degrees 1 and 2. So if is the last nonzero term of 

F*, then on each fibre 

(4.7) F^-'^ ^ 

is surjective. Hence, the map (|4.7p is surjective globally with locally free kernel. Replacing 
F^~^ by the kernel and F^ by zero, we can inductively assume that j = 2. Similarly if the 
first nonzero term is F**^^, then — ^F*+^ is injective on fibres with locally free cokernel. We 
conclude that F' is quasi-isomorphic to a 2-term complex {F^ — ^F^). □ 

Corollary 4.3. The obstruction theory (|4.2I1 is perfect in the sense of [2, Def. 5.1]. Each 
Mb, b £ B carries a virtual cycle [A^b]™^ of dimension xi'Hom{i'^K, i5!^E)o) (m £ ^A) that is 
deformation invariant: there exists a cycle [M]""^^ on Ai with = [Alf,]"''. 

Proof. By Verdier duality and Lemma l42l the complex 7r_A4*(7Yom(E, E)o (8) 7r^Wj(^)[n — 1] of 
(|4.2p is quasi-isomorphic to a 2-term complex of locally free sheaves (F^)"^ — s-(F^)^ in degrees 
—2 and —1. The statements about virtual cycles then follow from [21 Prop. 7.2]. □ 

By Serre duality the conditions (|4.6|) cannot reasonably be satisfied in dimensions > 4, and 
are automatically satisfied in dimensions < 2 by simple complexes E that have no negative 
Exts. So the critical dimension is 3, where they can be replaced by the conditions that E be 
simple and 

(i) Ext*Y^(F,F)o = 0, i<0, and 

(ii) H^{Xi,,iOXf^) ^ Hom(F, F Wjsj^J is an isomorphism. 

Serre duality then implies that tr: Ext^^^^ (F,F) — >-H^{Oxi) isomorphism and hence 

Extxj^iE, E)o vanishes for i>3. 

For Calabi-Yau threefolds (t^Xt ~ ^Xt) we only need (i) because F being simple implies (ii). 
In this case x('Hom(i5!^E, i5^E)o) = so for moduli of simple complexes satisfying (i) we get 
a degree virtual cycle in each Aib- Thus if Ai/B is proper then we get an invariant - the 
length of the virtual cycle - which is independent of b. By duality the obstruction theory (|4.2p 
is self-dual in the sense of Behrend [1] so if is quasi-projective then one can use his weighted 
Euler characteristic approach to the virtual class, and extend the definition of invariants to 
non-proper A4 (at the expense of losing deformation invariance). 

Another situation where (ii) is automatic is for arbitrary threefolds and complexes satisfying 

(ii') nom°{E,E) = Ox, and £xf{E,E)=0, i<0. 

This implies both (ii) and that F is simple, and applies to the ideal sheaves of [HI [16] and the 
complexes /* of [TS]. 

4.4. The rank zero case. When rk(F) = we consider simple complexes satisfying (ii) or 
(ii'), but we do not fix their determinant. So it is natural to use 

(4.8) TrM*{'Hom{E,E)^iT*xUJx)[n-l] ^ L^. 
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(cf. (|4.2I) ) as an obstruction theory. The left hand side is Verdier dual to 7r_\4^Hom{K, 
which by the methods of Lemma (|4.2p is quasi-isomorphic to a complex of locally free sheaves 
concentrated in degrees —1 to 2. Therefore this obstruction theory is not perfect. 
To trim it down we first form 

(4.9) Cone(C'A^ ^ 7r>i*Wom(E, E)) , 

where the arrow is the identity map. This map induces an isomorphism k — ^Hom'^(iJ^E, i^E) 
on every closed fibre X x {m} of vr^vi, so, by the same use of the Nakayama Lemma as in the 
proof of Lemma [4?2l the complex (|4.9p is r-^7r_A4*'Hom(E, E), a complex of locally free shaves 
in degrees 1 to 3. 

Similarly the top (degree 3) part of the trace map on 7r_A/(*7iom(E, E) lifts naturally to the 
W^-map 

T^\M*nom{E,E) R^ttm*{Oxxm)[-^], 

with kernel T^^''^WM*'Hom(E,]E). Now R^ttm*{^Xxm) is locally free over A4, and after base- 
change to the fibre over m £ M the trace map is an isomorphism Ext^{Km,^m) — ^H^{Oxi,) 
(Serre dual to the isomorphism (ii)). Therefore the standard Nakayama Lemma methods again 
show that r[^'^^7r;\4*7^om(E, E) is quasi-isomorphic to a 2-term complex of locally free sheaves. 
Finally the map (|4.8p gives by Verdier duality the diagram 

(4.10) {TTM*'Hom{¥.,K)Y[-l] ^ 

^^^^^^^^ -ii 

{T^^7rM*nom{E,E)y[-l] /'^ 

/ 

/ 

/ 

(rti'^l7rA^,7^om(E,E))V[-l]. 

The arrow labelled a can be filled in uniquely since the cone on the lower vertical arrow is 
(i?^7r>i*(OxxAi)[— 3])^, a vector bundle concentrated in degree —3, whereas L^k is concentrated 
in degrees —1 and 0. 

Then we modify the proof of Theorem 14. II to show that the map a is again a relative obstruc- 
tion theory for ^A in the sense of [21 Def. 4.4]. To do this we must assume that the S-schemes 
Sq and S in the proof of Theorem 14. II are affine - by the proof of O Thm. 4.5] this is sufficient 
to prove we get an obstruction theory. Following the proof of Theorem 14 . 1 1 we get an obstruction 
o not now in 

H2(7f,Hom(/*E, f*E ® 7f*I)o) = Ext2(/*E, /*E (g) ^*/)o 
as in (14.41 14.5(1 (where M denotes hypercohomology), but instead in 



M^{T^^'^k^nomif*E, f*E (g) 7f*I)). 
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By the collapse of the Leray spectral sequence for vr over aflfine 5*0, this is 

H°{n^{T^^'^h^nom{f*EJ*E^7r*I))) = (7^^(71, 7^om(/*E, /*E ® vf*/))) 

= Ext2(/*E,/*E(g)7f*/). 

In other words the modification M.lOp changed the obstruction theory in degrees and 3 only, 
so does not affect Sxt'^. Therefore the same proof goes through as before and a (|4.10l) yields 
our obstruction w{Eq) S Ext^(/*E, /*E vf*/). In the same way the choices in Ext"^ also work 
out just as before. 

4.5. Removing the smooth embedding hypothesis. For the applications in |l5j M is 
projective so smoothly embeddable. We also expect more general proper moduli spaces of 
objects of the derived category of a smooth threefold to be projective. However it is certainly 
easier to produce such moduli spaces as algebraic spaces by abstract arguments starting from 
Artin stacks. Therefore it would be nice to produce virtual cycles without the assumption that 
M. be smoothly embeddable. 

This is certainly possible. Firstly we must produce the obstruction theory (14. 2p on a general 
M. One way to do this is to use Illusie's full cotangent complex L'j^ and Atiyah class. The 
working of Section 14.21 then proceeds exactly as before without the embedding assumption, 
yielding 

7r_A4*(Wom(E, E)o vr^Wx)!"- ~ 1] ^ -^A^- 

Composing with the truncation r-~^ : — recovers (|4.2|) . Restricted to any subset of 
M. which is smoothly embeddable this gives the same map as before. 

As used in Section 14.41 above, to check that (14. 2p is an obstruction theory for Ad it is only 
necessary to consider ajfine S-schemes 5o and 5 in the proof of Theorem 14. 1[ Doing so, we only 
use their image in M, which is itself affine and therefore smoothly embeddable. Our theory 
therefore applies on that image to prove Theorem 14. 1[ The rest of the Section is unaffected, so 
we obtain deformation invariant virtual cycles under the same conditions as in Section [43l 
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